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1. 
0 0

cossin
04 44lim lim

1ln( 1) 0
(1)

1

x x

xx

x

x

 

 

  
  
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    

 
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   M1A2 

 
0 0

sin
4lim lim ( 1)cos

ln( 1) 4 4x x

x

x x
x


 

 
 


 

 
0

sin
4lim (0 1)cos (0)

ln( 1) 4 4x

x

x


 


 


    M1 

 
0

sin
4lim

ln( 1) 4x

x

x








      A1 

[5] 

 

2. 
0 0

3 1 3 ln3 0 0
lim lim

sin 2 (cos 2 )(2) 0

x x

x xx x 

   
  

 
    M1A2 

 
0 0

3 1 3 ln 3
lim lim

sin 2 2cos 2

x x

x xx x 


  

 
0

0

3 1 3 ln 3
lim

sin 2 2cos 2(0)

x

x x


      M1 

 
0

3 1 ln 3
lim

sin 2 2

x

x x


       A1 

[5] 
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3. 
2

0 0

2 0lim lim
cos 2 cos ( sin 2 )(2) ( sin ) 0x x

x x
x x x x→ →

 =  − − − −  
  M1A2 

 
2

0 0

2lim lim
cos 2 cos 2sin 2 sinx x

x x
x x x x→ →

=
− − +

 

 
2

0 0

2(1) 0lim lim
cos 2 cos 2(cos 2 )(2) cos 0x x

x
x x x x→ →

 =  − − +  
   A2 

 
2

0 0

2lim lim
cos 2 cos 4cos 2 cosx x

x
x x x x→ →

=
− − +

 

 
2

0

2lim
cos 2 cos 4cos 2(0) cos 0x

x
x x→

=
− − +

   M1 

 
2

0

2lim
cos 2 cos 4 1x

x
x x→

=
− − +

 

 
2

0

2lim
cos 2 cos 3x

x
x x→

= −
−

     A1 

[7] 
 

4. 
0

1 seclim
sin 2 cos 2 1 2x

x
x x x→

−
+ − −

 

0

0 sec tan 0lim
(cos 2 )(2) ( sin 2 )(2) 0 2(1) 0x

x x
x x→

−  =  + − − −  
   M1A2 

 
0

sec tanlim
2cos 2 2sin 2 2x

x x
x x→

−
=

− −
 

 
2

0

( sec tan )(tan ) ( sec )(sec ) 0lim
2( sin 2 )(2) 2(cos 2 )(2) 0 0x

x x x x x
x x→

− + −  =  − − −  
   A2 

 
2 3

0

sec tan seclim
4sin 2 4cos 2x

x x x
x x→

− −
=

− −
 

 
2 3sec0 tan 0 sec 0

4sin 2(0) 4cos 2(0)
− −

=
− −

     M1 

 0 1
0 4
−

=
−

 

 1
4

=         A1 

[7] 
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1. 2(0)(0) tan 0 0f e        (A1) for correct value 

 2 2 2( ) 2 tan secx xf x e x e x    

 2 2( ) (2 tan sec )xf x e x x    

 2(0) 2(0) (2 tan0 sec 0) 1f e        (A1) for correct value 

 

2 2

2 2

( ) 2 (2 tan sec )

(2sec 2sec (sec tan ))

x

x

f x e x x

e x x x x

  

 
    (M1) for valid approach 

 2 2 2( ) (4 tan 4sec 2sec tan )xf x e x x x x     

 2(0) 2 2(0) (4 tan0 4sec 0 2sec 0tan0) 4f e       (A1) for correct value 

 
2

( ) (0) (0) (0)
2!

x
f x f xf f      

 
2

( ) 0 (1) (4)
2

x
f x x         M1 

 2( ) 2f x x x         A1 

[6] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 63 
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2. 
2

3(0) (1 0) 1f          (A1) for correct value 

 
1

3
2

( ) (1 ) (1)
3

f x x


    

 
1

3
2

( ) (1 )
3

f x x


    

 
1

3
2 2

(0) (1 0)
3 3

f


         (A1) for correct value 

 
4

3
2 1

( ) (1 ) (1)
3 3

f x x
 

    
 

 

 
4

3
2

( ) (1 )
9

f x x


     

 
4

3
2 2

(0) (1 0)
9 9

f


           (A1) for correct value 

 
7

(3) 3
2 4

( ) (1 ) (1)
9 3

f x x
 

    
 

 

 
7

(3) 3
8

( ) (1 )
27

f x x


   

 
7

(3) 3
8 8

(0) (1 0)
27 27

f


        (A1) for correct value 

 
2 3

(3)( ) (0) (0) (0) (0)
2! 3!

x x
f x f xf f f       

 
2 32 2 8

( ) 1
3 2 9 6 27

x x
f x x

     
          

     
   M1 

 2 32 1 4
( ) 1

3 9 81
f x x x x         A1 

[6] 
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3. 
2

2 2(0) 3(0) (0) arccos (0) 0
2

f


         (A1) for correct approach 

 2

2
( ) 6 0

1 ( )
f x x

x


 



 
      

  

   (M1) for valid approach 

 
2

2

2 2
( ) 6

1
f x x

x





   


 

 
2

2

2 2
(0) 6(0) 0

1 (0)
f





    


    (A1) for correct approach 

 
32

2 2 22( ) 6 0 (1 ) ( 2 )
2

f x x x


 


         (M1) for valid approach 

 
3

4 2 2 2( ) 6 (1 )f x x x 


     

 
3

4 2 2 2(0) 6 (0)(1 0 ) 6f  


         (A1) for correct value 

 The first non-zero term 

 
2

(6)
2!

x
        M1 

 23x         A1 

[7] 

 

4. (0) 0 cos0 1 0f          (A1) for correct approach 

 2 3 2( ) 3 (sin( ))(3 ) 0f x x x x        (M1) for valid approach 

 2 2 3( ) 3 3 sin( )f x x x x    

 2 2(0) 3(0) 3(0) sin 0 0f          (A1) for correct approach 

 3 2 3 2( ) 6 ((6 )(sin( )) 3 (cos( ))(3 ))f x x x x x x x       

 3 4 3( ) 6 6 sin( ) 9 cos( )f x x x x x x     

 4(0) 6(0) 6(0)sin0 9(0) cos0 0f         (A1) for correct approach 

 

(3) 3 3 2

3 3 4 3 2

( ) 6 ((6)(sin( )) 6 (cos( ))(3 ))

((36 )(cos( )) 9 ( sin( ))(3 ))

f x x x x x

x x x x x

  

  
 

 (3) 6 3 3 3( ) 6 (27 6)sin( ) 54 cos( )f x x x x x     

 (3) 6 3(0) 6 (27(0) 6)sin0 54(0) cos0 6f        (A1) for correct value 

 The first non-zero term 

 
3

(6)
3!

x
        M1 

 3x         A1 

[7] 
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1. (a) 3(0)(0) 1f e       (A1) for correct value 

  3( ) 3 xf x e   

  3(0)(0) 3 3f e        (A1) for correct value 

  3( ) 3(3 )xf x e   

  3( ) 9 xf x e   

  3(0)(0) 9 9f e        (A1) for correct value 

  (3) 3( ) 9(3 )xf x e  

  (3) 3( ) 27 xf x e  

  (3) 3(0)(0) 27 27f e       (A1) for correct value 

  
2 3

(3)( ) (0) (0) (0) (0)
2! 3!

x x
f x f xf f f       

  
2 3

( ) 1 (3) (9) (27)
2 6

x x
f x x        M1 

  2 39 9
( ) 1 3

2 2
f x x x x        A1 

[6] 

 (b) 3 0.03x   

  0.01x        (A1) for correct value 

  0.03 2 39 9
1 3(0.01) (0.01) (0.01)

2 2
e       M1 

  0.03 1.0304545e       A1 

[3] 
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2. (a) (0) ln tan 0 0
4

f
 

   
 

    (A1) for correct value 

  21
( ) sec

4
tan

4

f x x

x





 
   
     

       
  

 

  
1

( )

sin cos
4 4

f x

x x
 

 
   

    
   

 

  
2

( )

sin 2
2

f x

x


 
 

 
 

 

  
2

(0) 2

sin 2(0)
2

f


  
 

 
 

    (A1) for correct value 

  
2

1
( ) 2( 1) cos 2 (2)

2
sin 2

2

f x x

x





 
   
      

       
  

 (M1) for valid approach 

  
2

4cos 2
2

( )

sin 2
2

x

f x

x





 
 

   
 

 
 

 

  
2

4cos 2(0)
2

(0) 0

sin 2(0)
2

f





 
 

    
 

 
 

   (A1) for correct value 

  
2

( ) (0) (0) (0)
2!

x
f x f xf f      

  
2

( ) 0 (2) (0)
2

x
f x x        M1 

  ( ) 2f x x       A1 

[6] 
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 (b) ln tan 2
12 4 12

     
    

   
    M1 

  ln tan
3 6

 
  

  ln 3
6


       A1 

  4ln 3 4
6

 
  

 
 

  4 2
ln( 3)

3


  

  
2

ln 9
3


       A1 

[3] 
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3. (a) 21
(0) ln(1 0 ) 0

5
f        (A1) for correct value 

  
2

1 1
( ) (2 )

5 1
f x x

x

 
   

 
 

  
2

2
( )

5(1 )

x
f x

x
 


 

  
2

2(0)
(0) 0

5(1 0 )
f   


     (A1) for correct value 

  
2

2 2

2 (1 )(1) ( )(2 )
( )

5 (1 )

x x x
f x

x

  
   

 
   (M1) for valid approach 

  
2

2 2

2(1 )
( )

5(1 )

x
f x

x


 


 

  
2

2 2

2(1 0 ) 2
(0)

5(1 0 ) 5
f


  


    (A1) for correct value 

  
2

( ) (0) (0) (0)
2!

x
f x f xf f      

  
2 2

( ) 0 (0)
2 5

x
f x x

 
    

 
    M1 

  21
( )

5
f x x       A1 

[6] 

 (b) 21
( )

5
f x x        

  
1

( ) (2 )
5

f x x        M1 

  
2

( )
5

f x x        A1 

  
2

(0.1) (0.1)
5

f    

  (0.1) 0.04f         A1 

[3] 
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4. (a) (0) cot (0 1) 0
2

f
 

   
 

    (A1) for correct value 

  2( ) cosec ( 1)
2 2

f x x
  

     
 

 

  2( ) cosec ( 1)
2 2

f x x
  

    
 

 

  2(0) cosec (0 1)
2 2 2

f
   

      
 

   (A1) for correct value 

  

( ) 2cosec ( 1)
2 2

cosec ( 1) cot ( 1)
2 2 2

f x x

x x

 

  

  
     

  

    
        

    

  (M1) for valid approach 

  
2

2( ) cosec ( 1) cot ( 1)
2 2 2

f x x x
     

      
   

 

  
2

2(0) cosec (0 1) cot (0 1) 0
2 2 2

f
     

       
   

 (A1) for correct value 

  
2

( ) (0) (0) (0)
2!

x
f x f xf f      

  
2

( ) 0 (0)
2 2

x
f x x

 
     

 
   M1 

  ( )
2

f x x


        A1 

[6] 

 (b) 
1.5 1.5

1 1
( )d d

2
f t t t t


       M1 

  
1.5

1
( )d 0.9817477042f t t        

  
1.5

1
( )d 0.982f t t        A1 

 [2] 
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1. (a) (i) tan 2( ) (2 ln 2)(sec )xf x x′ =    (M1) for valid approach 

   tan 2( ) ln 2 2 secxf x x′ = ⋅    A1 

   
tan 2

tan

(2 ln 2)(sec )
( ) ln 2

(2 )(2sec )(sec tan )

x

x

x
f x

x x x

 
′′ =   + 

 (M1) for valid approach 

   tan 2( ) ln 2 2 sec (ln 2 2 tan )xf x x x′′ = ⋅ +  A1 
 

  (ii) 
2

( ) (0) (0) (0)
2!
xf x f xf f′ ′′= + + +  

   

tan 0 tan 0 2

2
tan 0 2

( ) 2 (ln 2 2 sec 0)

(ln 2 2 sec 0(ln 2 2 tan 0))
2

f x x
x

= + ⋅

+ ⋅ + +
 M2 

   
2

( ) 1 (ln 2) (ln 2 (ln 2 0))
2
xf x x= + + ⋅ + + A1 

   
2

2(ln 2)( ) 1 (ln 2)
2

f x x x= + + +   A1 

[8] 

 (b) 
2

2 (2 )1 1 2 1
2!

x xe x− = + + + −    (M1) for substitution 

  2 21 2 2xe x x− = + +      (A1) for correct values 
  2 2ln (3 2)(4 3)x xe e − −   

  2 2ln(1 3( 1))(1 4( 1))x xe e= + − + −    (M1) for valid approach 

  2 2ln(1 3( 1)) ln(1 4( 1))x xe e= + − + + −    (A1) for correct approach 

  

2 2
2

2 2
2

(3( 1))3( 1)
2

(4( 1))4( 1)
2

x
x

x
x

ee

ee

−
= − − +

−
+ − − +





   (M1) for valid approach 

  
2 2

2 25( 1)7( 1)
2

x
x ee −

= − − +    (A1) for simplification 

2 2
2 25(2 2 )7(2 2 )

2
x xx x + +

= + + − +


    (A1) for substitution 

2
2 25(4 )14 14

2
xx x +

= + − +


    (A1) for correct approach 

2 214 14 50x x x= + − + 
214 36x x= − +      A1 

[9] 
 

Exercise 65 
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 (c) 
2 2

0

2 ln (3 2)(4 3)
lim

( )

x x

x

e e
f x→

 + − −       

  
2

20 2

2 14 36lim
(ln 2)1 (ln 2)

2
x

x x

x x
→

+ − +
=

+ + +





   A1 

  2 0 0
1 0 0
+ − +

=
+ + +





     M1 

  2=        A1 
[3] 
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2. (a) (i) 
3 5

arctan
3 5

x x
x x     

   
3 5d d

(arctan )
d d 3 5

x x
x x

x x

 
    

 
  (M1) for valid approach 

   2 4

2

1 1 1
1 (3 ) (5 )

1 3 5
x x

x
   


  (A2) for correct approach 

   2 4

2

1
1

1
x x

x
   


   A1 

 

  (ii) 
1.5 2

1
( )

1 ( )
g x

x



     

   1.5 2 1.5 4( ) 1 ( ) ( )g x x x       (A1) for substitution 

   3 6( ) 1g x x x        A1 

[6] 

 (b) 3 6(0.1) 1 0.1 0.1g         M1 

  3(0.1) 1 0.1g         

  (0.1) 0.999g       A1 

  3 6(0.1) 1 0.1 0.1g     

  (0.1) 0.999001g       A1 

  0.999 (0.1) 0.999001g       M1 

  
3

1
0.999 0.999001

1 0.1
 


 

  
1

0.999 0.999001
1.001

      AG 

[4] 

 (c) 
3

0

( ) 1
lim

1xx

g x

e




 

  
3 6

3 20
3

1 1
lim

( )
1 1

2!

x

x x

x
x



   


   

    M1A1 

  
3 6

0 3 6

lim
1

2

x

x x

x x


  


 

     M1 

  
3

0 3

1
lim

1
1

2

x

x

x


  


 

     M1A1 

  
1 0

1 0

  


 
      M1 

  1         AG 

   [6] 
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3. (a) 
3

sin
3!

x
x x    

  
3(2 )

sin 2 2
3!

x
x x       M1 

  34
sin 2 2

3
x x x       A1 

  
2 4

cos 1
2! 4!

x x
x      

  
2 4(2 ) (2 )

cos 2 1
2! 4!

x x
x        M1 

  2 42
cos 2 1 2

3
x x x        A1 

  2 2sin 4 (2sin 2 cos2 )x x x     A1 

  

2

2 3 2 44 2
sin 4 2 2 1 2

3 3
x x x x x

   
        

   
 M1 

  

2

2 3 34
sin 4 4 2 4

3
x x x x

 
    

 
 

  

2

2 316
sin 4 4 2

3
x x x

 
   

 
    A1 

  2 2 464
sin 4 4 4

3
x x x

 
   

 
 

  2 2 4256
sin 4 16

3
x x x       AG 

[7] 
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 (b) 

2 4

2 256
sin 4 16

16 16 3 16

       
      

     
   M1A1 

  
2 4

2sin
4 16 768

  
       A1 

  
2 4

2 48
sin

4 768 768

  
   

  
2 2

2 (48 )
sin

4 768

  
      A1 

  

2

2sin 4 16
16 16

    
   

   
    M1A1 

  
2

2sin
4 16

 
       A1 

  
2 2 2

2(48 )
sin

768 4 16

   
       A1 

  
2 2 2(48 )

sin
768 4 16

   
     M1 

  
248

sin
16 3 4 4

   
      AG 

[9] 
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4. (a) (i) ( ) sec tanf x x x      A1 

   2( ) (sec tan )(tan ) (sec )(sec )f x x x x x x    (M1) for valid approach 

   2 3( ) sec tan secf x x x x    

   2 3( ) sec (sec 1) secf x x x x     

   3 3( ) sec sec secf x x x x     

   3( ) 2sec secf x x x      A1 

   
(3) 2( ) 2(3)(sec )(sec tan )

sec tan

f x x x x

x x




  (M1) for valid approach 

   (3) 2( ) sec tan (6sec 1)f x x x x    A1 

 

  (ii) 2 3
(3)

( ) (0) (0)

(0) (0)
2! 3!

f x f xf

x x
f f

 

  
 

   
2

3

3
2

( ) sec0 (sec0 tan 0)

(2sec 0 sec0)
2

(sec0 tan 0(6sec 0 1))
6

f x x

x

x

 

 

  

  M2 

   
2 3

( ) 1 (0) (1) (0)
2 6

x x
f x x       A1 

   21
( ) 1

2
f x x       A1 

[9] 

 (b) 
3

sin
3!

x
x x         

  
sin

tan
cos

x
x

x
  

  tan sin secx x x      (A1) for correct approach 

  
3

21
tan 1

6 2

x
x x x

  
      

  
   M1A1 

  3 31 1
tan

2 6
x x x x        (M1) for valid approach 

  31
tan

3
x x x        A1 

[5] 
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 (c) The approximate value of the area 

  
1

0.5
tan dy y y        (M1) for valid approach 

  
1

3

0.5

1
d

3
y y y y
 

  
 

      (A1) for substitution 

  
1

2 4

0.5

1
d

3
y y y

 
  

 
      (M1) for valid approach 

  0.35625       A1 

[4] 

 

 

 


