Chapter 15 Solution

1. @

(b)

ax = %xsin zt
dt

1 )
Zdx = 7% sin tdt
X

I%dx = Iﬂ'z sin ztdt

Let u=rt.
du

— =gz =du=zdt
dt

.-.J‘ldx=.[7rsinudu
X

In|X| =-cosu+C

In|X| =-mcosxt+C

—mcosat+C

=€

—mcosz(0.5)+C

=X

=e
eC
=0

X=e

O

—mcosxt

g <x<e”

SE Production Limited

(M1) for valid approach

(AL) for correct approach

(M1) for substitution

(A1) for correct working

Al
(M1) for substitution

(A1) for correct value
Al

8]
A2

[2]



y_B
dx y®
y*dy = Bdx
Iyzdyszdx
1 s
—y*=Bx+C
3y

y* =3Bx+C
1

y =(3Bx+C)3

1
3=(3B(4)+C)?
27=12B+C
C=27-12B

1
9=(3B(121) +C)?
. 729=363B+27-12B
702 =351B
B=2
C=27-12(2)
Cc=3

Ly= (3(2) (%1) + 3}3

1
y =125°%
y=>5

SE Production Limited

(M1) for valid approach
(A1) for correct approach

Al

Al

(M1) for substitution

(M1) for substitution

(A1) for correct value

Al
[8]



dy 3 ain2
—Z =—y’sin“ x
dx y

—%dy =sin’ xdx
y
I—%dy = J'sin2 xdx
1 1-cos2x
J- Loy [,

I_idy = %j(l—cos 2x)dx

y3

%zl(x—lsin 2xj+C
2y- 2 2
izz x—lsin 2x+C
y 2
1
y

\/x—lsin2x+C
2

1

N

\/o—;sin 2(0)+C

1
2=—x
Jc
-2
2
c=1
4
Ly= 1
h \/1. 1
X——=SIN2X+ =
2 4
1

y= 1
\/4 (4x—2sin2x+1)

2
 Jax—2sin2x+1

y

SE Production Limited

(M1) for valid approach

(A1) for correct approach

(A1) for correct approach

Al

Al

(M1) for substitution

(A1) for correct value

Al

8]



&_ oy
dx (2x+3)Iny
Inydy: 1

y 2X+3

y 2X+3
Letu=Iny.
d—u=1:>du =£dy
dy 'y y

1
.'.IUdUzsz+3dx

dx

1u2=1In|2x+3|+C
2 2

(Iny)* =In|2x+3/+C
Iny=/In|2x+3/+C
y = gVmexse

eiins _ o\In20+3+C
o5 _ gi5iC

JIn5=In5+C
C=0
.'.y:e\/m

SE Production Limited

(M1) for valid approach

(A1) for correct approach

(M1) for substitution

(A1) for correct working

(M1) for valid approach

Al
(M1) for substitution

(A1) for correct value
Al
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Wy 1

dx x X
dy 1 1
dx xy_x6

The integrating factor

Lax
X

=e (M1) for valid approach
— e—lnx
_ Inx7t
_1 Al

X

ldy 11 = l.ie (M1) for valid approach

xdx X X X X
loy 1.1
xdx x° S~
i(lj _ i7 (A1) for correct approach
dx\x/) x
y 1
==|—=dx
X I x'
Y —i6+C
X 6X
y=——1 4Cx Al

6x°
n__1 -+C(1) (M1) for substitution
6 6(2)
C=2 (A1) for correct value
1

SLYy=———+2X Al

y 6x°

[8]
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The integrating factor

L
=g’ X

—Inx

=e

Uxdx x X7 X
ldy 1. .

xdx X2

_1

In2
.-.y:ixzx+ix
In2 In2

1
=—x(2"+1
y In2( )

SE Production Limited

(A1) for correct approach

(M1) for valid approach

Al

(M1) for valid approach

(A1) for correct approach

Al
(M1) for substitution

(A1) for correct value

Al
[°]



OI—y:cos3 X—2ytan x
dx

ﬂ+(2tan X)y = cos® x

dx

Let u=cosx.

du . .

— =—sinx = (=1) -du =sin xdx
dx

The integrating factor
_[Ztan xdx
=e

jzgnx
dx
= @’ cosx
24
=e u
_ e—2|nu

~ cos? x

1 dy
o —+ 2tan x)y =
cos®x dx cos’® x ( )Y cos? x
1 dy 2sinx
7o+ 3
cos“ x dx cos® X

o)
— >— | =COsX
dx\ cos® x

y

-€0s°> X

-y =COS X

5 :Icosxdx
COS~ X

y2 =sinx+C
COS” X

y = cos® x(sinx+C)
3=co0s*0(sin0+C)
3=0+C

C=3

.y =C0s® X(sin x+3)

SE Production Limited

(M1) for substitution

(M1) for valid approach

Al

(M1) for valid approach

(A1) for correct approach

Al
(M1) for substitution

(A1) for correct value
Al
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sin xd—y+cos2 X =1-yCoS X
dx

sin 3 yCos X =1-cos” X
dx

. dy 2
S|nxd—+ycosx_sm X
X

d—y+(cotx)y=sinx
dx
Let u=sinx.

du
d—:cosx:>du = C0S xdx
X

The integrating factor
jcotxdx
=e

COsS X
J‘.idx
sInX

=e

=sin X
. ody . . .
~.sin xd—+S|n X-(cot X)y =sin x-sin x
X

sin xﬂ+ (cosx)y =sin®x
dx

i(ysin X) =sin® x
dx
ysinx = J‘sin2 xdx

. 1
sinx = | = (1—cos 2x)dx
ysinx=[=( )
) 1 1
sinx=|| =—=cos2x |dx
y J(z 2 j

ysinx:lx—lsin2x+C
2 4

2x—sin2x+C
—
_ 2x-sin2x+C

B 4sin x

o5 )-sme(5 )

. T
4sin —

ysinx =

T =

SE Production Limited

Al

Al
M1

M1

Al
M1

Al

Al

Al

M1



_r+C

T
4
4r=7+C
C=3r
_ 2X—sin2x+3rx

4sin x

SE Production Limited

AG
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Xoy =X, +0.1

yn+l = yn +013_y

Xl (%0 v0)

X, =4,Y,=10
X, =4+0.1=4.1

y, =10+ 0.1(%) =10.57142857

X, =41+0.1=4.2

J, —10.57142857 40 1( (4.1)(10.57142857))
, =10. .

4.1 -9
y, =11.12639473
X, =42+01=43

y, =11.12639473+0.1 (4.2)(11.12639473)
C ' 4.2° -9

y, =11.66726114
Thus, the required approximation is 11.7.

X, =X, +0.2
Yo = Yn +O.2ﬂ

(s ¥n)
X =0, Y, =2
X, =0+0.2=0.2
y, =2+0.2(e° +4(2)) =3.8
X,=0.2+02=04
y, =3.8+0.2(e* +4(3.8)) = 7.084280552
X, =04+0.2=0.6
y, = 7.084280552 +0.2(e** + 4(7.084280552))
y, =13.05006993
X,=0.6+0.2=0.8
y, =13.05006993+0.2(e*° + 4(13.05006993))

y, = 23.85454964
Thus, the required approximation is 23.9.

SE Production Limited

(M1) for valid approach

(A1) for correct values

Al

Al

Al
Al
[6]

(M1) for valid approach

(A1) for correct values

Al

Al

Al

Al
Al
[7]
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(Xn’yn)
X =1 Yo = 2
X, =1+0.25=1.25

2 1
y, = 2+O.25(I+1—3j =2.75

X, =1.25+0.25=1.5

Y, :2.75+0.25(&+ L 3j:3.428
1.25 1.25
X, =1.54+0.25=1.75

3428 1

Y, =3.428+0.25] ———+ _3j =4.073407407
15 15

X, =1.75+0.25=2

y, =4.073407407 + 0.25(4'073407407 L j

+
1.75 1.75°
y, =4.701969982
Thus, the required approximation is 4.70.

SE Production Limited

(M1) for valid approach

(A1) for correct values

Al

Al

Al

Al
Al

[7]
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X =3, Yo =3
X, =3+0.2=3.2

y, =3+0.2((3)(3)-3)=4.2

X,=3.2+0.2=3.4

Y, =4.2+0.2((3.2)(4.2) -3.2) =6.248

X, =34+0.2=36

Yy, =6.248+0.2((3.4)(6.248) —3.4) =9.81664
X,=3.6+0.2=3.8

y, =9.81664 +0.2((3.6)(9.81664) —3.6) =16.1646208
X, =3.8+02=4

ys =16.1646208 +0.2((3.8)(16.1646208) — 3.8)

ys = 27.68973261

Thus, the required approximation is 27.7.

SE Production Limited

(M1) for valid approach

(M1) for valid approach

(A1) for correct values

Al

Al

Al

Al

Al
Al

[9]
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dy 2
——4y=e
dx y

X

dy 2X
—=4y+e
dx y

dy

2 =4(1)+e*” =5
dX|,_o

2
d—2/:4d—y+2e2X

dx dx

2
9V 4y e2e0 22
dx®|

dy x> d’y

=y0)+x— +——=

y=y() dx|,, 20dx*|

2

y:1+x(5)+X?(22)+---

Y =1+5X+11x% +---

a_ xy =In(x+1)
dx

ﬂzxy+ln(x+1)
dx
W 0)2)+In(0+1) =0
dx|,_,
d’y dy 1 dy 1
— = X2 —— =Y+ X ——
dx? Q)+ ax x+1 Y Ndx  x+d
d’y 1
— =-2+0)0)+—=-1
dx? o 0O 0+1
dy x? d’y

=y(0)+x— —_——

y=y(0) dx|,, 20dx*|

y=—2+x(0)+x?2(—1)+---

1
=2 =X e
y 2

SE Production Limited

(A1) for correct value

(A1) for correct approach

(A1) for correct value

M1

Al
[5]

(A1) for correct value

(A1) for correct approach

(A1) for correct value

M1

Al
[5]
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e2X d_y_ X
dx

e'y=1

dy —X —2X
2 _ey=e
dx y

@y _ e'y+e ™

dx

dy o (e)+e

dX x=0
d’y

dx?
ay

x=0

d
y=y(0)+ x—dy
X

+

x=0
2

2(0)

x dy

21 dx?

=e+1

x=0

y:e+x(e+1)+X?(—1)+---

y:e+(e+1)x—%x

2

+ ...

—2 =(—e7)(y)+e B peor -y +e” P
dx dx

=—-e%e)+e’(e+1) -2 =1

SE Production Limited

(M1) for valid approach

(A1) for correct value

(A1) for correct approach

(A1) for correct value

M1

Al
[6]
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e %—(3X2 +2x-1)e*y-e > =0
dy 2 —6X
——(3x"+2x-1)y—-e* =0

dx

ay _ (Bx* +2x-1)y+e*

dx

@l (3(0)* +2(0) -1)(2) +e @ = -1
dX x=0

2

dY _ 6x+2)(y) + (3% +2x—1)j—y—6e-ﬁx
X

[

2
9Y _ex+2)y+ 3+ 2x-) Y _6e™
dx dx
d2

ay
dx? o
d®y dy
—=(6 +(6X+2)—
—1=O)+6x+2)
2
wex+2 Y @29y ()
dx dx
d3y dy 2 dzy -6
— =6y +(12x+4) =L +(3x* +2x-1) —-+36e™>*
dx® y+( )dx ( )dx2
d’y
—21 =6(2)+(12(0) +4)(-1)
dx o
+(3(0)? +2(0) - 1)(-1) +36e°©
3
d_33’ _ 45
dx o
d x? d? x® d?
.\/=y(0)+><0|—y +——¥ ——Z
Xleo 2! dx o 3! dx o

X2 x®
y=2+x(—1)+7(—1)+€(45)+---

y:2—x—£x2+Ex3+---
2 2

SE Production Limited

(M1) for valid approach

(A1) for correct value

(A1) for correct approach

= (6(0) +2)(2) + (3(0)* + 2(0) —1)(-1) —6e°® =—1 (A1) for correct value

(AL) for correct approach

(A1) for correct value

M1

Al
[8]
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1. @

(b)

v Ja—-V?
dt
1

Ja—V?

1
j 4_wdv:Im

dv=dt

dv:jdt

1
I ?22 _VZ
arcsinX =t+C
2
=sin(t+C)

v
2
v=2sin(t+C)
2=2sin(0+C)
1=sinC
sinC =sin =

2

c==
2

SV= 25in(t+£j
2

The total distance travelled

= J'F|v(t)|dt

27
= JT 2sin (t +Zj‘ dt
0 2
=2.267949192 m
=2.27m

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

Al
(M1) for substitution

(A1) for correct value

Al
[7]
(M1) for valid approach
(A1) for substitution
Al
[3]
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() s=jvdt

s=—2cos(t+£}—2
2

(d) s:—2cos(t+%j—2

s+2:—2cos[t+%j

SE Production Limited

(M1) for valid approach

Al

(M1) for substitution

(A1) for correct value

Al

[5]

Al

M1

Al

M1

Al

AG
[5]
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(b)

_v+150
300
dv_ v+150
dt 300

1 1

v dt
v+150 300
j Ly j Lo
v+150 300

In|v+150| =%Ot+c

iI+C
V+150 = g0

iI+C
v=e¥ 150
1
c 3000
v=ge" -e30 150

©

1
0=ge%.e30 " _150

e“ =150
1

~.v=150e% _150

In(v+150) = S%Ot +1n150

IN(5+150) = —t + In150
300

In155-1In150 = i'[
300
|nﬂ = it
30 300
t=300In E S
30

SE Production Limited

(M1) for valid approach
(A1) for correct approach

Al

Al

(M1) for substitution
(A1) for correct value

Al
[7]

(M1) for setting equation

(A1) for correct approach

Al
[3]
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(©)

(d)

dv_v+150
dt 300
dv ds v+150
ds dt 300
dv_ v+150
ds 300
300v dv=ds
v+150
I 300v
v+150
I 300(v+150-150)

v+150

150
j(soO—HlsO]dv:jds

150
v+150

dv=.|‘ds

dv:J.ds

dv

s=j 300

s:j 300- 20 gy
v+150

s =300v—150In |v+150| +D
0=300(0) ~150In(0+150) + D

D =150In150
..§=300v-150In(v+150) +150In150

s =300(5) —150In(5 +150) +150In150
s =1500-150(In155 — In150)

S :150(10— In Ej m
30

SE Production Limited

Al

Al

M1

Al

M1

AG

[5]

Al

(M1) for substitution
(A1) for correct value

(M1) for substitution

Al

[5]
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(@)

(i)

(i)

Let

1 A
x(x+3)=;
are constants.
1 =A(X+3)+ Bx
X(x+3) x(x+3) Xx(x+3)
1 AX+3A+Bx
x(x+3)= X(x+3)
1=(A+B)x+3A
1=3A
A=l
3

0=1+B
3

X+3

B-_1
3

1 1 1

X(x+3) = 3x 3(x+3)

dv_ v(v+3)

dt 3

L oav=—Lat
v(v+3) 3

1 1
Iv(v+3) dv:j—gdt

11 1 1
..éj(;—m]dv—j—édt

I(%—Flg)dvﬂ'—dt

In|v|—|n|v+3|=—t+C

In =-t+C

V+3
v=(v+3)e "

V= Veft+C + 3eft+C

V— Ve—t+C — 3e—t+C
V(l— e7t+C) — 3e7t+C
3e—t+C

SE Production Limited

+i,where A and B

M1

Al

Al

Al

(M1) for valid approach

(A1) for correct approach

(M1) for substitution

Al

(A1) for correct approach

(M1) for valid approach

Al
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(b)

3eO+C
= 1_ eO+C
1.5(1—€%) =3e°
1.5-1.5e% =3e°
1.5=4.5¢°

1.5

dv_ v(v+3)

dt 3
dv ds _ v(v+3)

ds dt 3
VQ__V(V+3)

ds 3

v+3

I—V—i?)dv= ds

s=-3Injv+3+D
—2In4.5=-3In(L.5+3)+D

—2In45=-3In45+D
D=In45
~.s==-3In(v+3)+In4.5

s=1In +In4.5

(v+3)°
9

s=1In 3
2(v+3)

SE Production Limited

(M1) for substitution

(A1) for correct value

Al

Al

Al

M1

Al

Al
M1

Al

Al

AG

[14]

8]
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(i)

1
X* + 4x
are constants.
1 =A(X+4)+ Bx
X2 +4x  X(x+4) x(x+4)
1  Ax+4A+Bx
X +4x x(x+4)
1=(A+B)x+4A
1=4A
al
4

0:1+B
4

Let

X+4

B=—=
4

1 1 1

44X AX 4(x+4)

da_a’+4a
dt 4
21 dazldt
a‘+4a 4
1 1
da=|=dt
Ia2+4a J‘4

11 1), 1
..ZI(E—E:ZJda_IZdt

j[i-u—i—jda=jdt
a a+4
In|a|-Inja+4/=t+C

In =t+C

a+4

i — e'[+C
a+4
a=(a+4)e"°

a= a.e'E+C + 4et+C

a— aet+C — 4et+C

a(l_et+C) — 4et+C
4et+C

= 1_ et+C

a

SE Production Limited

Eé+i,where A and B
X

M1

Al

Al

Al

(M1) for valid approach
(A1) for correct approach

(M1) for substitution

Al

(A1) for correct approach

(M1) for valid approach

Al

22



(b)

4 4€°
e2-1 1-¢°
4 3 4
e2-1 e°-1
2=-C
C=-2
4e'?
:azl—éi
4e'?
azl_et—Z
y_ 4et—2
dt  1-e'?
4e'?
V= dt
Let u=1—e"?.
z—l: =—e"? = —1.du=e""dt
4
SV=|——du
=
v=—4Inu+D

v=—4In[l-€"?|+D
8-4In(l-e?)=—4Injl—¢*?/+ D
8—4In(l-e?)+4In(l-e?*)=D

D=8

v:—4ln‘1—e“2‘+8

-2<t-2<0

et<e <1

O<l-e"?<l-e?<1

In(l-e"?)<0 for 0<t<2
~.v=-4In[1-€"?|+8>0 for 0<t<2

Thus, the particle never stops in 0<t<?2.

SE Production Limited

(M1) for substitution

(A1) for correct value

Al

[14]

Al

M1

Al

Al
Al

M1

Al

M1

R1

AG
[9]
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