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1. 
4 3 3 28

0

1
d ( 1)

4

k
xe x e e    

 Let 4 3xu e  .       (M1) for substitution 

 4 3 4 3d 1
4 d d

d 4

x xu
e u e x

x

     

 4 3kx k u e     

 4(0) 3 30x u e e     

 
4 3

3

3 281 1
d ( 1)

4 4

ke

e
u e e



        (A2) for correct working 

 

4 3

3

3 281 1
( 1)

4 4

ke

e

u e e



 
  

 
     A1 

 
4 3 3 31 31 1 1 1

4 4 4 4

ke e e e          

 4 3 31k    

 4 28k   

 7k          A1 

[5] 
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2. 
3

0

3

sin
d ln 2

cos 8

x k
x

x



   

 
2

0

3

sin sin
d ln 2

cos 8

x x k
x

x





   

 Let cosu x .       (M1) for substitution 

 
d

sin ( 1)d sin d
d

u
x u x x

x
      

 2 21 sinu x   

 0 cos0 1x u     

 
1

cos
3 3 2

x u
  

      
 

 

 
2

1

1

2

1
( 1)d ln 2

8

u k
u

u


         (A2) for correct working 

 
1

1

2

1
d ln 2

8

k
u u

u

 
    

 
  

 

1

2

1

2

1
ln ln 2

2 8

k
u u

 
   

 
     A1 

 

2

21 1 1 1
(1) ln1 ln ln 2

2 2 2 2 8

k    
             

    

 
1 1

ln 2 ln 2
2 8 8

k 
    
 

     A1 

 
3

ln 2 ln 2
8 8

k
    

 3k          A1 

[6] 
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3. 
2

1 8
d

(ln ) 9

ce

e
x

x x
  

 Let lnu x .       (M1) for substitution 

 
d 1 1

d d
d

u
u x

x x x
    

 lnc cx e u e c     

 ln 1x e u e     

 
21

1 8
d

9

c

u
u

         (A2) for correct working 

 
1

1 8

9

c

u

 
  
 

       A1 

 
1 1 8

1 9c

 
    

 
       

 
1 1

9c
    

 9c          A1 

[5] 
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4. 
4 ( )(1 2 )

d 16
2k

x x x
x

x

 
  

 
4 1
( ) +1 d 16

2k
x x x

x

 
  

 
  

 Let u x x  .      (M1) for substitution 

 
d 1 1

1 d 1 d
d 2 2

u
u x

x x x

 
     

 
 

 4 4 4 6x u      

 x k u k k     

 
6

d 16
k k

u u


        (A2) for correct working 

 

6

21
16

2 k k

u


 
 

 
      A1 

 
2 21 1

(6) ( ) 16
2 2

k k        A1 

 
236 ( ) 32k k    

 
2( ) 4k k   

 2k k    (Rejected) or 2k k     A1 

 
2( ) 2 0k k    

 ( 2)( 1) 0k k    

 2k    (Rejected) or 1k   

 1k          A1 

[7] 
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1. 

4
4 4

1 1
1

ln d ( ) ln d ln
4 4 4

x x x
x x x

    
     

    
     (A2) for correct working 

 

4
4 4

1 1
1

1
ln d ln d

4 4

x x
x x x x

x

 
   
 

       

 

4
4 4

1 1
1

ln d ln d
4 4

x x
x x x

 
  
 

       (M1) for valid approach 

  
4

4 4

11
1

ln d ln
4 4

x x
x x x

 
  
 

      A1 

 

4
4

1
1

ln d ln
4 4

x x
x x x

 
  
 

  

 
4

1

1
ln d (4ln1 4) ln 1

4 4

x
x

 
    

 
  

 
4

1

1
ln d 4 ln 1

4 4

x
x      

 
4

1

1
ln d 3 ln

4 4

x
x          A1 

[5] 
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2. 
4

1

15
ln d ln 4

4
x x x k   

 Let 2x  .       (M1) for valid approach 

 
d 1

2 d 2 d
d 2

x x x
x


         

 
4

2

1

1 15
ln d( ) ln 4

2 4
x x k    

 

4
4

2 2

1
1

1 1 15
( ln )( ) d( ln ) ln 4

2 2 4
x x x x k

 
   

 
    (A2) for correct working 

 

4
4

2 2

1
1

1 1 1 15
ln d ln 4

2 2 4
x x x x k

x

 
    

 
     

 

4
4

2

1
1

1 1 15
ln d ln 4

2 2 4
x x x x k

 
   

 
  

 

4 4

2 2

1 1

1 1 1 15
ln ln 4

2 2 2 4
x x x k

   
     

   
    A1 

 

4

2 2

1

1 1 15
ln ln 4

2 4 4
x x x k

 
   

 
 

 

2 2 2 21 1 1 1
(4) ln 4 (4) (1) ln1 (1)

2 4 2 4

15
ln 4

4
k

   
     

   

 

 

 
1 15

(8ln 4 4) ln 4
4 4

k
 

     
 

    A1 

 
15 15

8ln 4 ln 4
4 4

k    

 8k          A1 

[6] 
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3. Let cos4x  .      (M1) for valid approach 

 
d 1

4sin 4 d sin 4 d
d 4

x x x
x


          

 
2 21
sin 4 d d(cos 4 )

4
x x x x x     

 
2 2 21 1
sin 4 d (cos 4 ) cos 4 d

4 4
x x x x x x x

   
      
   

    (A2) for correct working 

 
2 21 1
sin 4 d cos 4 cos 4 d

4 2
x x x x x x x x     

 Let sin 4x  .      (M1) for valid approach 

 
d 1

4cos 4 d cos 4 d
d 4

x x x
x


        

 
2 21 1
sin 4 d cos 4 d(sin 4 )

4 8
x x x x x x x        

 

2 21
sin 4 d cos 4

4

1 1
(sin 4 ) sin 4 d

8 8

x x x x x

x x x x

 

   
    
   




    (A1) for correct working 

 
2 21 1 1
sin 4 d cos 4 sin 4 sin 4 d

4 8 8
x x x x x x x x x      

 
2 21 1 1
sin 4 d cos 4 sin 4 cos 4

4 8 32
x x x x x x x x C      A1 

[6] 
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4. Let sin x  .       (M1) for valid approach 

 
d

cos d cos d
d

x x x
x


        

 3 3cos d d(sin )x xe x x e x    

 3 3 3cos d sin sin d( )x x xe x x e x x e       (A2) for correct working 

 3 3 3cos d sin 3sin dx x xe x x e x xe x    

 Let cos x  .       (M1) for valid approach 

 
d

sin d sin d
d

x x x
x


          

 3 3 3cos d sin 3 d(cos )x x xe x x e x e x     

 
3 3 3 3cos d sin 3 cos cos d(3 )x x x xe x x e x e x x e      (A1) for correct working 

 3 3 3 3cos d sin 3 cos 9 cos dx x x xe x x e x e x e x x     

 
3 3 310 cos d sin 3 cosx x xe x x e x e x C       A1 

 
3 3 3

00

1
cos d sin 3 cos

10

x x xe x x e x e x
 

        

 

3 3

3

3(0) 3(0)0

( sin 3 cos )1
cos d

10 ( sin 0 3 cos0)

x
e e

e x x
e e

 
   

  
   

   A1 

 
3 3

0

1
cos d ( 3 3)

10

xe x x e


    

 
3 3

0

3
cos d ( 1)

10

xe x x e


        AG 

[7] 
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1. (a) 
1

( )
( 2)( 4)

f x
x x


 

 

Let 
1

( 2)( 4) 2 4

A B

x x x x
 

   
, where A  and  

B  are constants. 

  
1 ( 4) ( 2)

( 2)( 4) ( 2)( 4) ( 2)( 4)

A x B x

x x x x x x

 
 

     
 M1 

  
1 4 2

( 2)( 4) ( 2)( 4)

Ax A Bx B

x x x x

  


   
 

  1 ( ) ( 4 2 )A B x A B         A1 

  0 A B   

  B A   

  1 4 2A B    

  1 4 2( )A A          A1 

  1 6A   

  
1

6
A    

  
1

6
B

 
    

 
 

  
1

6
B   

  
1 1 1

( 2)( 4) 6( 2) 6( 4)x x x x
   

   
  A1 

[4] 

 (b) 
1 1

( )d d
6( 2) 6( 4)

f x x x
x x

 
   

  
   

  
1 1

( )d ln( 2) ln( 4)
6 6

f x x x x C        A1 

[1] 
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2. (a) 
3

( )
( 5)

f x
x x




 

Let 
3

( 5) 5

A B

x x x x
 

 
, where A  and B  are 

constants. 

  
3 ( 5)

( 5) ( 5) ( 5)

A x Bx

x x x x x x


 

  
   M1 

  
3 5

( 5) ( 5)

Ax A Bx

x x x x

 


 
 

  3 ( ) 5A B x A        A1 

  0 A B   

  B A        A1 

  3 5A    

  
3

5
A    

  
3

5
B

 
    

 
 

  
3

5
B   

  
3 3 3

( 5) 5 5( 5)x x x x
   

 
    A1 

[4] 

 (b) 
11 11

6 6

3 3
( )d d

5 5( 5)
f t t t

t t

 
   

 
   

  

11
11

6
6

3 3
( )d ln ln( 5)

5 5
f t t t t

 
    
 

    A1 

  

11

6

3 3
( )d ln11 ln(11 5)

5 5

3 3
ln 6 ln(6 5)

5 5

f t t
 

    
 

 
    
 


 

  
11

6

3 3 3 3
( )d ln11 ln 6 ln 6 ln1

5 5 5 5
f t t       

  
11

6

3 6
( )d ln11 ln 6

5 5
f t t        A1 

[2] 
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3. (a) 2x   , 1x        A2 

[2] 

(b) 
4

( )
( 2)( 1)

x
f x

x x




 
 

Let 
4

( 2)( 1) 2 1

x A B

x x x x


 

   
, where A  and  

B  are constants. 

  
4 ( 1) ( 2)

( 2)( 1) ( 2)( 1) ( 2)( 1)

x A x B x

x x x x x x

  
 

     
  M1 

  
4 2

( 2)( 1) ( 2)( 1)

x Ax A Bx B

x x x x

   


   
 

  4 ( ) ( 2 )x A B x A B         A1 

  1 A B   

  1B A   

  4 2A B   

  4 2(1 )A A         A1 

  2 A   

  2A   

  1 ( 2)B     

  3B   

  
4 2 3

( 2)( 1) 2 1

x

x x x x


   

   
   A1 

[4] 

 (c) 
5 5

4 4

2 3
( )d d

2 1
f x x x

x x

 
   

  
   

   
5 5

44
( )d 2ln( 2) 3ln( 1)f x x x x       A1 

  

5

4
( )d ( 2ln(5 2) 3ln(5 1))

( 2ln(4 2) 3ln(4 1))

f x x     

    

  

  
5

4
( )d 2ln 7 3ln 6 2ln 6 3ln5f x x       

  
5

4
( )d 2ln 7 5ln 6 3ln5f x x        A1 

[2] 
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4. (a) 0       A1 

[1] 

(b) 
1 2

( )
( 5)( 3)

x
f x

x x




 
 

Let 
1 2

( 5)( 3) 5 3

x A B

x x x x


 

   
, where A  and  

B  are constants. 

  
1 2 ( 3) ( 5)

( 5)( 3) ( 5)( 3) ( 5)( 3)

x A x B x

x x x x x x

  
 

     
  M1 

  
1 2 3 5

( 5)( 3) ( 5)( 3)

x Ax A Bx B

x x x x

   


   
 

  1 2 ( ) ( 3 5 )x A B x A B         A1 

  2 A B    

  2B A    

  1 3 5A B    

  1 3 5( 2 )A A           A1 

  1 3 10 5A A     

  11 8A   

  
11

8
A    

  
11

2
8

B
 

     
 

 

  
5

8
B    

  
1 2 11 5

( 5)( 3) 8( 5) 8( 3)

x

x x x x


   

   
  A1 

[4] 

 (c) 
12 12

4 4

11 5
( )d d

8( 5) 8( 3)
f x x x

x x

 
   

  
   

  

12
12

4
4

11 5
( )d ln( 5) ln( 3)

8 8
f x x x x

 
     
 

   A1 

  

12

4

11 5
( )d ln(12 5) ln(12 3)

8 8

11 5
ln(4 5) ln(4 3)

8 8

f x x
 

     
 

 
     
 


 

  
12

4

11 5 11 5
( )d ln17 ln9 ln9 ln1

8 8 8 8
f x x       

  
12

4

11 3
( )d ln17 ln9

8 4
f x x       A1 

[2] 
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1. 10secx   

 
d

10sec tan d 10sec tan d
d

x
x    


      M1 

 sec
10

x
   

 arcsec
10

x
         A1 

 
2 2

1 10sec tan d
d

100 10sec 100sec 100
x

x x

  

 
 

 
    A1 

 
2

1 tan
d d

10 tan100
x

x x








      A1 

 
2

1 1
d d

10100
x

x x



        

 
2

1 1
d

10100
x C

x x
 


      A1 

 
2

1 1
d arcsec

10 10100

x
x C

x x
 


     AG 

[5] 
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2. 
2

2
1

2
2

1
d

1
x

kx





  

Let sinx  . 

 
d

cos d cos d
d

x
x  


        (M1) for substitution 

 
2 2

arcsin
2 2 4

x


     

 
1 1

arcsin
2 2 6

x


          

 4

2
6

1
cos d

1 sin k






 


  


     (A2) for correct working 

 4

6

cos
d

cos k





 



        A1 

  4

6
k






         A1 

 
4 6 k

  
   

 
12 k

 
  

 12k          A1 

[6] 
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3. (a) 2 22 8 ( 2 8)x x x x        

  2 22 8 ( 2 1 9)x x x x           (M1) for valid approach 

  2 22 8 9 ( 2 1)x x x x        

  2 22 8 9 ( 1)x x x          A1 

[2] 

 (b) 
3 2 3 2

1 1
2 2

3 2 3 22 21 1
2 2

1 1
d d

2 8 9 ( 1)
x x

x x x

 

   


    

   

 Let 1 3sinx   .     A1 

 3sin 1x    

  
d

3cos d 3cos d
d

x
x  


      M1 

  13 2 2
1 sin

2 2 4
x


       

  13 2 2
1 sin

2 2 4
x


 

 
         

 

   

  
3 2

1
2 4

3 2 2 21
42

1 3cos
d d

2 8 9 9sin
x

x x












 

 
   

   A1 

  
3 2

1
2 4

3 2 21
42

1 3cos
d d

3cos2 8
x

x x












 


  

    A1 

  
3 2

1
2 4

3 2 21
42

1
d d

2 8
x

x x



 


 


  

   

   
3 2

1
2 4

3 2 21
42

1
d

2 8
x

x x






 


  

    A1 

  
3 2

1
2

3 2 21
2

1
d

4 42 8
x

x x

 

 

 
   

   
  

  
3 2

1
2

3 2 21
2

1
d

22 8
x

x x



 


  

     AG 

[5] 
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4. (a) 2 28 20 8 16 4x x x x         (M1) for valid approach 

  2 28 20 ( 4) 4x x x         A1 

[2] 

 (b) 
2 2

2 2 2 24 4

1 1
d d

( 8 20) (( 4) 4)
x x

x x x

 

 


      

 Let 4 2tanx   .     A1 

 2tan 4x    

  2 2d
2sec d 2sec d

d

x
x  


      M1 

  2 arctan1
4

x


      

  4 arctan0 0x         

  
2

2
4

2 2 2 24 0

1 2sec
d d

( 8 20) (4 tan 4)
x

x x










 

     A1 

  
2

2
4

2 2 44 0

1 2sec
d d

( 8 20) 16sec
x

x x












     A1 

  
2

24
2 24 0

1 1
d cos d

( 8 20) 8
x

x x



 





    

  
2

4
2 24 0

1 1 1 cos 2
d d

( 8 20) 8 2
x

x x









 
  

   
    A1 

  
2

4
2 24 0

1 1
d (1 cos 2 )d

( 8 20) 16
x

x x



 



 

    

  
42

2 24
0

1 1 1
d sin 2

( 8 20) 16 2
x

x x



 




 
     

   A1 

  

2

2 24

1
d

( 8 20)

1 1 1 1
sin 2 0 sin 2(0)

16 4 2 4 16 2

x
x x

 



  

    
       

    


 

  
2

2 24

1 1
d

( 8 20) 64 32
x

x x




 

     AG 

[6] 

 

 

 


