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1. ( )f x  

 (3)(cos ) (3 )( sin )x x x        (M1) for product rule 

 3(cos sin )x x x        A2 

 
3

2
f

 
 
 

 

 
3 3 3

3 cos sin
2 2 2

   
  

 
     (M1) for substitution 

 
3

3 0 ( 1)
2

 
   

 
 

 
9

2


  

 The gradient of the normal 

 
1

3

2
f






 
 
 

       (M1) for negative reciprocal 

 
2

9
         A1 N3 

[6] 

 

2. ( )f x  

 ( )(cos ) ( )( sin )x xe x e x         (M1) for product rule 

 (cos sin )xe x x         A2 

 (2 )f   

 
2 (cos2 sin 2 )e           (M1) for substitution 

 
2e    

 The gradient of the normal 

 
1

(2 )f 





       (M1) for negative reciprocal 

 
2e          A1 N3 

[6] 
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3. ( )f x  

 
2(2 )( sin( ))x x        (M1) for chain rule 

 
22 sin( )x x         A1 

 ( ) 2f a a          (A1) for correct equation 

 
22 sin( ) 2a a a         (M1) for valid approach 

 
2sin( ) 1a   

 
2

2
a


 , 

5

2


, …      (M1) for solving equation 

 
2

a


 , 
5

2


 (Rejected), … 

 
2

a


         A1 N3 

[6] 

 

4. ( )g x  

 
2 1

(2 )(ln ) ( )x x x
x

 
   

 
     (M1) for product rule 

 2 lnx x x   

 (2ln 1)x x         A1 

 ( ) 3g a a         (A1) for correct equation 

 (2ln 1) 3a a a        (M1) for valid approach 

 2ln 1 3a   

 ln 1a         (M1) for valid approach 

 a e         A1 N3 

[6] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



    

 SE Production Limited 3 

 
 

 

1. (a) 5( ) 5 xf x e         A1 N1 

  5( ) 25 xf x e       A1 N1 

  (3) 5( ) 125 xf x e       A1 N1 

 [3] 

 (b) ( ) 5( ) ( 5)n n xf x e       A2 N2 

[2] 

 

2. (a) ( ) cosf x x           

  ( ) sinf x x           

  (3) ( ) cosf x x         

  (4) ( ) sinf x x       A2 N2 

 [2] 

 (b) (2 ) 1( ) ( 1) sinn nf x x      A3 N3 

[3] 

 

3. (a) 1( ) ng x nx           

  2( ) ( 1) ng x n n x             

  (3) 3( ) ( 1)( 2) ng x n n n x            

  (4) 4( ) ( 1)( 2)( 3) ng x n n n n x        A2 N2 

 [2] 

 (b) 
(12) 12!

( )
( )!

nn
g x x

n k




 

  12 12!
( 1)( 2)( 3) ( 11)

( )!

n nn
n n n n n x x

n k

     


 A1 

  
( 1)( 2)( 3) ( 11)( 12)! !

( 12)! ( )!

n n n n n n n

n n k

    


 
 (A1) 

  
! !

( 12)! ( )!

n n

n n k


 
 

  12k        A1 N1 

[3] 

4. (a) 1( )g x nx          

  2( )g x nx            

  (3) 3( ) 2g x nx         

  (4) 4( ) 6g x nx       A2 N2 

 [2] 

 (b) 
(37) 37( ) ( !)g x k nx  

  37 1 37 37( 1) (1)(2)(3) (36) ( !)nx k nx      A1 

  37 37(36!) ( !)nx k nx       (A1) 

  36k        A1 N1 

[3] 
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1. (a) ( )f x  

  

2

2 2

( 5 4)( 2) ( 2 )(2 5)

( 5 4)

x x x x

x x

     


 
   M1A2 

  

2 2

2 2

2 10 8 ( 4 10 )

( 5 4)

x x x x

x x

     


 
   (M1)(A1) for expansion 

  

2

2 2

2 8

( 5 4)

x

x x




 
     A1 

  

2

2 2

2( 4)

( 5 4)

x

x x




 
     AG N0 

[6] 

 (b) ( ) 0f x   

  

2

2 2

2( 4)
0

( 5 4)

x

x x




 
     (M1) for setting equation 

  
2 4 0x         A1 

  ( 2)( 2) 0x x    

  2 0x   or 2 0x   

  2x    or 2x   (Rejected)    (A1) for correct value 

  ( 2)f   

  
2

2( 2)

( 2) 5( 2) 4


 

   
     (M1)A1 for substitution 

  
2

9
  

  Thus, the coordinates of B  are 
2

2,
9

 
 
 

.  A2 N4 

[7] 

 (c) The line y k  does not meet the graph of f   

below its minimum point and above its maximum  

point.       (R1) for correct argument 

  
2

2
9

k         A2 N3 

[3] 
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2. (a) ( )f x  

  

2

2 2

( 3 )(6) (6 24)(2 3)

( 3 )

x x x x

x x

   



   M1A2 

  

2 2

2 2

6 18 (12 66 72)

( 3 )

x x x x

x x

   



   (M1)(A1) for expansion 

  

2

2 2

6 48 72

( 3 )

x x

x x

  



     A1 

  

2

2 2

6( 8 12)

( 3 )

x x

x x

 
 


     AG N0 

[6] 

 (b) ( ) 0f x   

  

2

2 2

6( 8 12)
0

( 3 )

x x

x x

 
 


     (M1) for setting equation 

  
2 8 12 0x x        A1 

  ( 6)( 2) 0x x    

  6 0x   or 2 0x   

  6x    (Rejected) or 2x       (A1) for correct value 

  ( 2)f   

  
2

6( 2) 24

( 2) 3( 2)

 


  
     (M1)A1 for substitution 

  6   

  Thus, the coordinates of B  are ( 2, 6)  .  A2 N4 

[7] 

 (c) The line y k  meets the graph of f  below its  

maximum point and above its minimum point. (R1) for correct argument 

  6k    and 
2

3
k        A2 N3 

[3] 
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3. (a) ( )f x  

  2

cos (0) (1) sin
2 2 2

0

cos
2

x x

x

  



        
         

         
  

  
  

 M1A2 

  
2

0 sin
2 2

cos
2

x

x

 



  
    

  
 
 
 

     (M1)(A1) for expansion 

  
2

sin
2 2

cos
2

x

x

 



 
 
 
 
 
 

         

  
2

sin
2

2cos
2

x

x






 
 
 
 
 
 

     AG N0 

[5] 

 (b) ( ) 0f x   

  
2

sin
2

0

2cos
2

x

x






 
 
  
 
 
 

     (M1) for setting equation 

  sin 0
2

x 
 

 
      A1 

  0
2

x
  or 

2

x
  

  0x   (Rejected) or 2x      (A1) for setting equation 

  (2)f  

  
1

2
(2)

cos
2


 

 
 
 

     (M1)A1 for substitution 

  
1

2 1
1

  


 

  Thus, the coordinates of Q  are (2,1) .  A2 N4 

[7] 

 (c) The line y k  meets the graph of f  at two  

distinct points below its maximum point and above  

its minimum point.     (R1) for correct argument 

  1k   and 3k       A2 N3 

[3] 
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4. (a) ( )f x  

  2

sin 2 (0) (1) cos 2 (2)
3 3

0

sin 2
3

x x

x

 



      
        

       
  

  
  

 M1A2 

  
2

0 2cos 2
3

sin 2
3

x

x





 
  

 
 

 
 

     (M1)(A1) for expansion 

  
2

2cos 2
3

sin 2
3

x

x





 
 

  
 

 
 

     AG N0 

[5] 

 (b) ( ) 0f x   

  
2

2cos 2
3

0

sin 2
3

x

x





 
 

  
 

 
 

     (M1) for setting equation 

  cos 2 0
3

x
 

  
 

     A1 

  2
3 2

x
 

    or 2
3 2

x
 

   

  2
6

x


   or 
5

2
6

x


  

  
12

x


   (Rejected) or 
5

12
x


    (A1) for correct value 

  
5

12
f

 
 
 

 

  
1

3
5

sin 2
12 3

 
 

  
  

  

    (M1)A1 for substitution 

  
1

3
1

   

  2   

  Thus, the coordinates of Q  are 
5

, 2
12

 
 

 
.  A2 N4 

[7] 

 (c) 4        A1 N1 

[1] 
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1. (a) (2)h  

  ( (2))f g       (A1) for valid approach 

  (7)f  

  10        A1 N2 

[2] 

 (b) (7)h  

  ( (7)) (7)f g g        (M1) for chain rule 

  (7) (7)f g    

  (8)(2)       (A1) for substitution 

  16        A1 N2 

[3] 

 

2. (a) ( 4)h   

  
( 4)

( 4)

f

g





      (A1) for valid approach 

  
3

1





 

  3        A1 N2 

[2] 

 (b) (6)h  

  
2

(6) (6) (6) (6)

( (6))

f g f g

g

 
     (M1) for quotient rule 

  
2

( 2)(6) (5)( 5)

6

  
      (A1) for substitution 

  
13

36
        A1 N2 

[3] 
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3. ( )f x  

 ( sin )x    

 sin x          (A1) for chain rule 

 ( )g x  

 
1

(3)
3 2x

 
  

 
 

 
3

3 2x



       (A1) for correct expression 

 (1)h  

 (1) (1) (1) (1)f g f g        (M1) for product rule 

 
3

( sin (1)) ln(3(1) 2) (cos (1))
3(1) 2

  
 

     
 

  A2 

 (0)(0) ( 1)(3)    

 3          A1 N3 

[6] 

 

4. ( )f x  

 2 0x   

 2x         (A1) for valid approach 

 ( )g x  

 
2( )(2)xe  

 
22 xe         (A1) for correct expression 

 (2)h  

 
2

(2) (2) (2) (2)

( (2))

f g f g

g

 
      (M1) for quotient rule 

 
2(2) 2 2(2)

2(2) 2

(2(2))( ) (2 3)(2 )

( )

e e

e

 
     A2 

 
4 4

8

(4)( ) (1)(2 )e e

e


  

 
4

8

2e

e
  

 
4

2

e
         A1 N3 

[6] 
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1. ( )f x  

 
2 45(1 2 ) (4 )x x   

 
2 420 (1 2 )x x        A2 

 The ( 1)r  th term 

 
4 2

4
20 1 (2 )r rx x

r


  

   
  

     M1 

 
2 1

4
20 2r rx

r

 
  

 
 

 2 1 7r          R1 

 2 6r   

3r          (A1) for correct value 

 The term in 
7x  

 
3 2(3) 1

4
20 2

3
x  

  
 

      (A1) for correct expansion 

 
7640x        A1 N3 

[7] 

 

2. ( )f x  

 
3 7 28(4 7) (12 )x x   

 
2 3 796 (4 7)x x        A2 

 The ( 1)r  th term 

 
2 3 7

7
96 (4 ) ( 7)r rx x

r


  

   
  

     M1 

 
7 23 3

7
96 4 ( 7)r r rx

r

  
  

 
 

 23 3 11r          R1 

 3 12r    

4r          (A1) for correct value 

 The term in 
11x  

 
7 4 4 23 3(4)

7
96 4 ( 7)

4
x  

  
 

     (A1) for correct expansion 

 
11516311040x       A1 N3 

[7] 
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3. ( )g x  

 
2 45( 2 ) (2 2)x x x    

 
2 410( 1)( 2 )x x x         A2 

 

2 4 0 2 3 1

2 2 2 2 1 3

2 0 4

4 4
( ) (2 ) ( ) (2 )

0 1

4 4
10( 1) ( ) (2 ) ( ) (2 )

2 3

4
( ) (2 )

4

x x x x

x x x x x

x x

    
    

    
    
       
    
 

    
  

  M1 

 

8 6

4 2 2 3 4

(1)( )(1) (4)( )(2 )
10( 1)

(6)( )(4 ) (4)( )(8 ) (1)(1)(16 )

x x x
x

x x x x x

 
       

 A1 

 
8 7 6 5 410( 1)( 8 24 32 16 )x x x x x x         A1 

 The term in 
6x  

   610((1)(32) (1)(24)) x       M1 

 
6560x        A1 N3 

[7] 

 

4. ( )g x  

 

3

2

1 1
4 2 2x

x x

   
     

   
 

 

3

2

1 1
4 2 2x

x x

  
    

  
     A2 

 

0 1

3 2

2 2 3

1 0

3 31 1
(2 ) (2 )

0 11
4 2

3 31 1
(2 ) (2 )

2 3

x x
x x

x
x x

x x

       
         
        

   
                          

 M1 

 

3 2

2

2 3

1
(1)(8 )(1) (3)(4 )

1
4 2

1 1
(3)(2 ) (1)(1)

x x
x

x
x

x x

  
   

           
      

    

   A1 

 
3

2 3

1 6 1
4 2 8 12x x

x x x

  
      

  
    A1 

 The term in 
3x
 

   34((2)( 1) (1)(6)) x        M1 

 
316x        A1 N3 

[7] 

 

 



    

 SE Production Limited 12 

 

 

 

1. (a) 
2( ) 3 2 xf x x e          A1 N1 

[1] 

 (b) ( ) 0f x        (M1) for valid approach 

  4.421713x    and 0.763463x    

  4.42x    and 0.763x       A2 N3 

[3] 

 (c) For correct shape     A1 

  For approximately passing through (0, 2)   A1 

  For approximate range 7.1  to 4.3   A1 N3 

[3] 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 55 
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2. (a) ( ) cos sinf x x x        A1 N1 

[1] 

 (b) ( ) 0f x        (M1) for valid approach 

  0.7853982x   and 3.9269908x   

  0.785x   and 3.93x      A2 N3 

[3] 

 (c) For correct shape     A1 

  For approximately passing through (0,1)   A1 

  For approximate range 1.4  to 1.2   A1 N3 

[3] 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. (a) ( ) cos( )x xf x e e       A1 N1 

[1] 

 (b) (1.23, 3.29)       A2 N2 

[2] 

 (c) For correct shape     A1 

  For approximately passing through (0, 0.5)   A1 

  For approximate range 3.3  to 6.4   A1 N3 

[3] 
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4. (a) ( ) sin( )x xf x e e         A1 N1 

[1] 

 (b) ( 1.59, 4.81)       A2 N2 

[2] 

 (c) For correct shape     A1 

  For approximately passing through (0, 0.8)  A1 

  For approximate range 4  to 4.8   A1 N3 

[3] 
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1. (a) ( 2) 29f         (M1) for valid approach 

  
3 2( 2) ( 2) 8 ( 2) 29a b b a          A1 

  8 4 16 29a b b a      

  7 12 29a b    

  7 12 29a b        AG N0 

[2] 

 (b) ( )f x  

  23 2 8ax bx b        A2 

  ( 2) 0f          (M1) for valid approach 

  
23 ( 2) 2 ( 2) 8 0a b b         (A1) for substitution 

  12 4 0a b   

  3 0a b        A1 N3 

[5] 

 (c) 
7 12 29

3 0

a b

a b

  


 
     (M1) for solving the system 

  1a  , 3b         A2 N3 

[3] 

 (d) ( ) 0f x   

  
23(1) 2( 3) 8( 3) 0x x         (M1) for setting equation 

  23 6 24 0x x    

  2 2 8 0x x    

  ( 2)( 4) 0x x    

  2x    (Rejected) or 4x      A1 

  (4)f  

  
3 2(1)(4) ( 3)(4) 8( 3)(4) 1       

  79   

  Thus, the coordinates are (4, 79) .   A2 N3 

[4] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 56 
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2. (a) ( 5) 350f         (M1) for valid approach 

  
3( 5) ( 5) 350a b b         A1 

  125 5 350a b b     

  125 4 350a b    

  125 4 350a b        AG N0 

[2] 

 (b) ( )f x  

  23ax b        A2 

  ( 5) 0f          (M1) for valid approach 

  
23 ( 5) 0a b        (A1) for substitution 

  75 0a b        A1 N3 

[5] 

 (c) 
125 4 350

75 0

a b

a b

  


 
     (M1) for solving the system 

  2a  , 150b        A2 N3 

[3] 

 (d) ( ) 0f x   

  
23(2) 150 0x        (M1) for setting equation 

  26 150 0x    

  2 25 0x    

  ( 5)( 5) 0x x    

  5x    (Rejected) or 5x      A1 

  (5)f  

  
32(5) ( 150)(5) 150     

  650   

  Thus, the coordinates are (5, 650) .   A2 N3 

[4] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



    

 SE Production Limited 17 

3. (a) (ln5) 225 126ln5g        (M1) for valid approach 

  2(ln5) ln5 126ln5 225 126ln5ae be       A1 

  ln25 ln5 225ae be        (A1) for correct equation 

  25 5 225a b    

  5 45a b         AG N0 

[3] 

 (b) 
2( ) 2 126x xg x ae be        A2 

  
2( ) 4 x xg x ae be        A1 

  (ln5) 0g        (M1) for valid approach 

  2(ln5) ln54 0ae be       (A1) for substitution 

  ln25 ln54 0ae be   

  4 (25) (5) 0a b   

  20 0a b        A1 N3 

[6] 

 (c) Valid method for solving system of two equations 

  
5 45

20 0

a b

a b

  


 
      (M1) for solving the system 

  3a  , 60b        A2 N3 

[3] 

 (d) ( ) 0g x   

  
22(3) 60 126 0x xe e       (M1) for setting equation 

  26 60 126 0x xe e    

  2 10 21 0x xe e    

  ( 3)( 7) 0x xe e    

  3xe   or 7xe    

  ln3x   or ln 7x       A1 

  The horizontal distance 

  ln7 ln3        (M1) for valid approach 

  
7

ln
3

        A1 N2 

[4] 
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4. (a) 
15 675 15

ln 100ln
2 4 2

g
 

   
 

    (M1) for valid approach 

  

15 152 ln ln
2 2

15 675 15
100ln 100ln

2 4 2
ae be

 
 
        A1 

  

225 15
ln ln

4 2
675

4
ae be       (A1) for correct equation 

  
225 15 675

0
4 2 4

a b    

  225 30 675 0a b        AG N0 

[3] 

 (b) 
2( ) 2 100x xg x ae be        A2 

  
2( ) 4 x xg x ae be        A1 

  
15

ln 0
2

g
 
  
 

      (M1) for valid approach 

  

15 15
2 ln ln

2 24 0ae be

   
   
         (A1) for substitution 

  

225 15
ln ln

4 24 0ae be   

  
225 15

4 0
4 2

a b
   

    
   

 

  30 0a b        A1 N3 

[6] 

 (c) Valid method for solving system of two equations 

  
225 30 675 0

30 0

a b

a b

  


 
    (M1) for solving the system 

  1a  , 30b        A2 N3 

[3] 

 

 (d) ( ) 0g x   

  
22(1) 30 100 0x xe e       (M1) for setting equation 

  2 15 50 0x xe e    

  ( 5)( 10) 0x xe e    

  5xe   or 10xe    

  ln5x   or ln10x       A1 

  (ln5)g  

  2ln5 ln54 30e e       (M1) for valid approach 

  50   

  0  

(ln10)g  

  2ln10 ln104 30e e   

  100  

  0  

  g  attains its local maximum at ln5x  .  (A1) for correct result 

  (ln5)g  
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2(ln5) (ln5)30 100(ln5)e e    

  125 100ln5    

  Thus, the coordinates are (ln5, 125 100ln5)  . A2 N3 

[6] 

 

 

 

 

 

 

 

 

 

 

 

 

 


