
    

 SE Production Limited 1 

 

 

 
 

 

 
 

 

1. The area of R  

 
3

0
( )df x x         (A1) for definite integral 

 
3

20

4
d

1

x
x

x


  

Let 2 1u x   

d
2

d

u
x

x
  

2d 4 du x x  

23 3 1 10x u      
20 0 1 1x u      

 
10

1

1
2du

u
         (A2) for substitution 

 
10

1

1
2 du

u
   

  
10

1
2 lnu        A1 

 2(ln10 ln1)        (M1) for substitution 

 2ln10        A1 N3 

[6] 

 

2. The area of R  

 
ln 2

0
( )df x x         (A1) for definite integral 

 
ln 2

2

0
( 1)dxe x   

 

ln 2

2

0

1

2

xe x
 

  
 

      A2 

 2ln 2 2(0)1 1
ln 2 0

2 2
e e

   
      
   

    (M1) for substitution 

 ln 41 1
ln 2 (1) 0

2 2
e

   
      
   

 

 
1 1

(4) ln 2
2 2

 
   
 

      (M1) for substitution 

 
3

ln 2
2

         A1 N3 

[6] 
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3. The area of 
3

4
R   

 
0

3
( )d

4

k

g x x        (A1) for correct equation 

 
0

3
cos 2 d

4

k

x x   

 
0

1 3
sin 2

2 4

k

x
 

 
 

      A1 

 
1 1 3

sin 2 sin 2(0)
2 2 4

k        (M1) for substitution 

 
1 3

sin 2
2 4

k         A1 

 
3

sin 2
2

k   

 2
3

k


  or 2
3

k


       (M1) for valid approach 

 
6

k


  or 
3

k


  (Rejected)     A1 N3 

[6] 

4. The area of 
1

2
R


  

 
1 1

( )d
2k

g x x


       (A1) for correct equation 

 
1 1
sin d

2k
x x


  

 

1
1 1

cos
2k

x
 

 
  
 

      A1 

 
1 1 1

cos (1) cos
2

k 
  

 
    

 
    (M1) for substitution 

 
1 1 1

( 1) cos
2

k
  

         A1 

 
1 1

cos
2

k
 

   

 
1

cos
2

k    

 
2

3
k


         (M1) for valid approach 

 
2

3
k          A1 N3 

[6] 
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1. (a) ( )f x  

  
21

(( ) )
4

x a        M1A1 

  
21

( )
4

x a   

  ( )f x       AG N0 

[2] 

 (b) ( )f x  

  
1

(2 0)
4

x        A1 

  
1

2
x  

  ( ) 0f x        M1 

  
1

0
2

x   

  0x            

  2 0a         M1 

  2a         AG N0 

[3] 

 (c) ( )f x  

  
1

(1)
2

        A1 

  
1

2
  

  ( )f x  does not change sign for 6 6x   .  R1 

  Thus, there is no point of inflexion.   AG N0 

[2] 

 (d) The area of the shaded region 

  
4

2
( )df x x        (A1) for definite integral 

  
4

2

2

1
( 2)d

4
x x   

  

4

3

2

1 1
2

4 3
x x

 
  

 
     A1 

  3 31 1 1
(4) 2(4) (2) 2(2)

4 3 3

    
       

    
  (M1) for substitution 

  
1 64 8

8 4
4 3 3

 
    

 
 

  
17

3
        A1 N3 

[4] 
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 (e) 
17

3
       A2 N2 

[2] 

 

2. (a) ( )f x  

  
3

4

( )

( ) 1

a x

x




 
      M1A1 

  
3

4 1

ax

x





 

  ( )f x        AG N0 

[2] 

 (b) ( ) 0f x   

  
2 4

4 2

(3 )
0

( 1)

ax x

x





     (M1) for setting equation 

  2 4(3 ) 0ax x   

  2 2 2( 3 )( 3 ) 0x x x       (A1) for factorization 

  
1 1

2 2 4 4( 3 )(3 )(3 ) 0x x x x        

  2 0x  , 
1

43 0x   or 
1

43 0x   

  0x   (Rejected), 
1

43x    or 
1

43x     A1 

  
1

4( 3 )f   

  

1

34( 3 )

3 1

a 



 

  

3

43

4
a        A1 

  
1

4(3 )f  

  
1

4( 3 )f    

  

3

43

4
a        A1 

  Thus, the coordinates of the maximum point and  

the minimum point are 

3
1 4
4

3
3 ,

4
a

 
 
 
 
 

 and  

3
1 4
4

3
3 ,

4
a

 
  
 
 
 

.     A1 N4 

[6] 
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 (c) The area of the shaded region 

  
2

1
( )df x x        (A1) for definite integral 

  
3

2

41
d

1

ax
x

x


  

 Let 4 1u x   

3d
4

d

u
x

x
  

31
d d

4
u x x  

42 2 1 17x u      
41 1 1 2x u      

  
17

2

1 1
d

4
a u

u
        A2 

  
17

2

1
d

4

a
u

u
   

   
17

2
ln

4

a
u       A1 

  (ln17 ln 2)
4

a
       (M1) for substitution 

  
17

ln
4 2

a
       A1 N3 

[6] 

 (d) ln 2
4

a
       A2 N2 

[2] 
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3. (a) ( )g x  

  ( 3)f x   

  3 2( 3) 9( 3) 15( 3) 7x x x          M1 

  3 2 29 27 27 9( 6 9) 15 45 7x x x x x x           A2 

  3 2 29 27 27 9 54 81 15 45 7x x x x x x           

  3 12 16x x        AG N0 

[3] 

 (b) ( )g x  

  23 12(1) 0x        A1 

  23 12x   

  ( )g x  

  3(2 ) 0x        A1 

  6x  

  ( ) 0g x        (M1) for setting equation 

  6 0x   

  0x   

  (0)g  

  30 12(0) 16        (M1) for substitution 

  16  

x  0x   0x   0x   

( )g x    0   

  ( )g x  changes its sign at 0x  .   (M1) for valid approach 

Thus, the coordinates of the point of inflexion of  

( )g x  are (0,16) .     A1 N3 

[6] 

(c) ( 3,16)       A2 N2 

[2] 

 (d) The area of the shaded region 

  
0

3
( )dg x x


        (A1) for definite integral 

  
0

3

3
( 12 16)dx x x


    

  

0

4 2

3

1 1
12 16

4 2
x x x



  
    

  
    A1 

  

0

4 2

3

1
6 16

4
x x x



 
   
 

 

  

4 2

4 2

1
(0) 6(0) 16(0)

4

1
( 3) 6( 3) 16( 3)

4

 
   
 

 
      
 

    (M1) for substitution 

  
81

(0 0 0) 54 48
4

 
      

 
 

  81.75       A1 N3 

[4] 
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 (e) 81.75       A2 N2 

[2] 

 

4. (a) ( )g x  

  ( 2)f x   

  3 22( 2) 12( 2) 18( 2)x x x          M1 

  3 2 22( 6 12 8) 12( 4 4) 18 36x x x x x x           A2 

  3 2 22 12 24 16 12 48 48 18 36x x x x x x           

  32 6 4x x         AG N0 

[3] 

 (b) ( )g x  

  22(3 ) 6(1) 0x         A1 

  26 6x    

  ( )g x  

  6(2 ) 0x         A1 

  12x   

  ( ) 0g x        (M1) for setting equation 

  12 0x   

  0x   

  (0)g  

  32(0) 6(0) 4         (M1) for substitution 

  4   
x  0x   0x   0x   

( )g x    0   

  ( )g x  changes its sign at 0x  .   (M1) for valid approach 

Thus, the coordinates of the point of inflexion of  

( )g x  are (0, 4) .     A1 N3 

[6] 

 (c) The area of the shaded region 

  
0

2
( )dg x x


        (A1) for definite integral 

  
0

3

2
(2 6 4)dx x x


    

  

0

4 2

2

1 1
2 6 4

4 2
x x x



    
      

    
    A1 

  

0

4 2

2

1
3 4

2
x x x



 
   
 

 

  4 2 4 21 1
(0) 3(0) 4(0) ( 2) 3( 2) 4( 2)

2 2

   
           
   

(M1) for substitution 

   (0 0 0) 8 12 8       

  12        A1 N3 

[4] 
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 (d) (i) 2       A2 N2 

 

  (ii) 24      A2 N2 

[4] 
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1. (a) (i) ( ) 4 1f a        (M1) for valid approach 

   
1

( )
4

f a       A1 N2 

 

  (ii) 
1

2
1

( )
2

f x x


       (M1) for valid approach 

   
1

( )
2

f a
a

   

   
1 1

42 a
       A1 

   2a   

   4a        AG N0 

 

  (iii) 
4 0

4
4 b


 


     (M1) for setting equation 

   
2

4
4 b

 


 

   
1

4
2

b    

   
9

2
b        A1 N2 

 

  (iv) The equation of [PQ] : 

   4y x c    

   
9

0 4
2

c
 

   
 

     (M1) for substitution 

   18c   

   4 18y x        A1 N2 

[8] 

 (b) The required area 

  
4

0

(18 4)(2 0)
( )d

2
f x x

 
      M1A1 

  
1

4
2

0

(14)(2)
d

2
x x          

  

4
3

2

0

2
14

3
x

 
  
 

      A2 

  
3 3

2 2
2 2

(4) (0) 14
3 3

        (M1) for substitution 

  
16

0 14
3

    

Exercise 69 
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58

3
        A1 N3 

[6] 

 

2. (a) (i) ( ) 2f x x       (M1) for valid approach 

   ( ) 2f a a       A1 N2 

   2( )f a a  

   The gradient of [PQ]  

   ( )f a  

   
( ) 0

1

f a

a





     (M1) for substitution 

   
2

1

a

a



      A1 N2 

 

  (ii) 
2

2
1

a
a

a



     (M1) for setting equation 

   2 22 2a a a   

   2 2a a      A1    

   2a        AG N0 

 

  (iii) The equation of [PQ] : 

   4y x c   

   0 4(1) c       (M1) for substitution 

   4c    

   4 4y x        A1 N2 

[8] 

 (b) The required area 

  
2

0

(2 1)(4 0)
( )d

2
f x x

 
      M1A1 

  
2

2

0

(1)(4)
d

2
x x          

  

2

3

0

1
2

3
x

 
  
 

      A2 

  3 31 1
(2) (0) 2

3 3
        (M1) for substitution 

  
8

0 2
3

    

  
2

3
        A1 N3 

[6] 
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3. (a) (i) 
1

2
1

( )
2

f x x


       M1 

   
1

( )
2

f h
h

   

   
1

2( )f h h      A1 

   The equation of [AB] : 

   
1

2
y x c

h
       M1 

   
1

( )
2

h h c
h

      M1 

   
1

2
h h c   

   
1

2
c h  

   
1 1

22
y x h

h
       AG N0 

 

  (ii) 
0 1

2

h

h b h





    (M1) for setting equation 

   
1

2

h

h b h



 

   2h h b       (M1) for valid approach 

   b h        A1 N3 

[7] 

 (b) The required area 

  
0

( ( ))( 0)
( )d

2

hh h h
f x x

  
      M1A1 

  
1

2

0

(2 )( )
d

2

hh h
x x           

  
3

2

0

2

3

h

h h x
 

   
 

     A2 

  
3 3

2 2
2 2

( ) (0)
3 3

h h h
 

   
 

    M1 

  
2

0
3

h h h h
 

   
 

     A1 

  
1

3
h h       AG N0 

[6] 
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4. (a) (i) 2( ) 3f x x       M1 

   2( ) 3f h h   

   3( )f h h      A1 

   The equation of [AB] : 

   
2

1

3
y x c

h


       M1A1 

   3

2

1
( )

3
h h c

h


      M1 

   3 1

3
h c

h
    

   3 1

3
c h

h
       A1 

   
43 1

3

h
c

h


  

   
4

2

1 3 1

3 3

h
y x

h h


       AG N0 

 

  (ii) 
3

2

0 1

3

h

h b h


 


     (M1) for setting equation 

   
3

2

1

3

h

h b h
 


 

   53h h b        (M1) for valid approach 

   53b h h       A1 N3 

[9] 

 (b) The required area 

   
5 3

0( (3 ))(0 )
( )d

2 h

h h h h
f x x

  
     M1A1 

  
5 3

0
3( 3 )( )
d

2 h

h h
x x

 
           

  

0

8 43 1

2 4 h

h x
 

   
 

     A2 

  8 4 43 1 1
(0)

2 4 4
h h

 
   

 
    M1 

  8 43 1
0

2 4
h h

 
   

 
        

  8 43 1

2 4
h h        A1 

  4 41
(6 1)

4
h h       AG N0 

[6] 
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1. (a) For approximately correct shape   A1 

  For correct x -intercept at 0.7    A1  

For approximately correct endpoints   A1 N3 

[3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 (b) The total distance travelled     

  
5

0
( ) dv t t        (M2) for valid approach 

  
5

0
ln( 0.3) dt t       (A1) for correct formula 

  4.877655148  

  4.88 m       A1 N3 

[4] 
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2. (a) For approximately correct shape   A1 

  For approximately correct x -intercepts between 0  

and 1 and between 3 and 4    A1  

For approximately correct endpoints and maximum  

point       A1 N3 

[3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 (b) ( )v t      

  ( )da t t        (M1) for valid approach 

  2( ( 2) 1.9)dt t        

  2( 4 2.1)dt t t         (A1) for correct formula 

  3 21 1
4 2.1

3 2
t t t C

 
     

 
    A1 

  3 21
2 2.1

3
t t t C      

  (0) 0v        (M1) for substitution 

  3 21
0 (0) 2(0) 2.1(0)

3
C      

  0C   

  3 21
2 2.1

3
v t t t         A1 N3 

[5] 
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3. (a) ( )v t  

  ( )da t t        (M1) for valid approach 

  
2

2
d

1

t
t

t


  

 Let 2 1u t   

d
2

d

u
t

t
  

d 2 du t t  

  
1

du
u

        A1 

  lnu C        A1 

  2ln( 1)t C    

  (0) 0v   

  20 ln(0 1) C        (M1) for substitution 

  0C           

  2ln( 1)v t         A1 N3 

[5] 

 (b) For approximately correct shape   A1  

For approximately correct endpoints   A1 N2 

[2] 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  
 



    

 SE Production Limited 16 

4. (a) ( )s t  

  ( )dv t t        (M1) for valid approach 

  22 cos( )dt t t   

 Let 2sin( )u t  

2d
2 cos( )

d

u
t t

t
  

2d 2 cos( )du t t t  

  du         A1 

  u C        A1 

  2sin( )t C   

  (0) 1s   

  21 sin(0 ) C        (M1) for substitution 

  1C           

  2sin( ) 1s t        A1 N3 

[5] 

 (b) For approximately correct shape   A1  

  For approximately correct x -intercept between 2  

and 3        A1 

For approximately correct endpoints and maximum  

points       A1 N3 

[3] 
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1. (a) The initial velocity 

(0)v        (M1) for valid approach 

  3(0 4)            

  -164 ms       A1 N2 

[2] 

 (b) ( ) 27v t         R1 

  3( 4) 27t             

  4 3t         (A1) for correct approach 

  7t         A1 N2 

[3] 

 (c) The total distance travelled     

  
7

0
( ) dv t t        (M1) for valid approach 

  
7

3

0
( 4) dt t        (A1) for correct formula 

  84.24999949  

  84.2 m       A1 N3 

[3] 

 (d) ( )a t  

  ( )v t        M1 

  23( 4) (1)t         A2 

  23( 4)t         AG N0 

[3] 

 (e) ( ) 0v t   and ( ) 0a t   

  4t   and 4t       R2 

  4t         A2 N2 

[4] 
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2. (a) ( )s t  

( )dv t t        (M1) for valid approach 

3 2( 2 12 24 16)dt t t t      

4 3 21 1 1
2 12 24 16

4 3 2
t t t t C

     
          

     
  A1 

4 3 21
4 12 16

2
t t t t C       

4 3 21
0 (0) 4(0) 12(0) 16(0)

2
C        (M1) for substitution 

  0C           

  
4 3 21

4 12 16
2

s t t t t          A1 N2 

[4] 

 (b) The displacement         

  (3.3)s       (M1) for valid approach 

  
4 3 21

(3.3) 4(3.3) 12(3.3) 16(3.3)
2

      

  6.57195 m       A1 N2 

[2] 

 (c) The total distance travelled     

  
3.3

0
( ) dv t t        (M1) for valid approach 

  
3.3

3 2

0
2 12 24 16 dt t t t         (A1) for correct formula 

  9.428049981  

  9.43 m       A1 N3 

[3] 

 (d) ( )a t  

  ( )v t        M1 

  22(3 ) 12(2 ) 24(1) 0t t         A2 

  26 24 24t t     

  26( 4 4)t t         M1 

  26( 2)t         AG N0 

[4] 

 (e) ( ) 0v t   and ( ) 0a t   

  2t   and 2t       R2 

  2t         A2 N2 

[4] 
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3. (a) ( )s t  

( )dv t t        (M1) for valid approach 

cos dt t    

 Let sinu t  

d
cos

d

u
t

t
   

d cos du t t   

du         A1 

  u C        A1 

  sin t C   
  (0) 1s   

  1 sin0 C        (M1) for substitution 

  1C           

  sin 1s t         A1 N3 

[5] 

 (b) ( ) 0s t        R1 

  sin 1 0t            

  sin 1t         (A1) for correct formula 

  
3

2
t


   or 

7

2
t


   

  
3

2
t   or 

7

2
t        A2 N3 

[4] 

 (c) ( )a t  

  ( )v t        M1 

  ( sin )( )t         A2 

  2 sin t    

  ( ) 0a t   

  2 sin 0t         R1 

  sin 0t        A1 

  2t     or 3 4t     

  1 2t   or 3 4t       A1 N4 

[6] 

 (d) 5       A1 N1 

[1] 
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4. (a) ( )v t  

( )da t t        M1 

2( 2)(4 25 38)dt t t t     

3 2(4 33 88 76)dt t t t     

4 3 21 1 1
4 33 88 76

4 3 2
t t t t C

     
         

     
  A2 

4 3 211 44 76t t t t C      
4 3 248 0 11(0) 44(0) 76(0) C        M1 

48C        

( )s t  

( )dv t t        M1 

4 3 2( 11 44 76 48)dt t t t t      

5 4 3 21 1 1 1
11 44 76 48

5 4 3 2
t t t t t D

     
          

     
 A2 

5 4 3 21 11 44
38 48

5 4 3
t t t t t D       

5 4 3 21 11 44
0 (0) (0) (0) 38(0) 48(0)

5 4 3
D       M1 

0D   

5 4 3 21 11 44
( ) 38 48

5 4 3
s t t t t t t        AG N0 

[8] 

 (b) ( ) 0s t   and ( ) 0a t   

  1.0780361t   and  

( 2 or 2.6096118 3.6403882)t t      R2 

  1.0780361 2t    or 2.6096118 3.6403882t     

  1.08 2t   or 2.61 3.64t     A2 N2 

[4] 

 (c) (i) 3      A1 N1 

 

  (ii) 2      A2 N2 

[3] 

 

 

 

 

 

 

 

 

 

 

 

 

 



    

 SE Production Limited 21 

 

 

 

1. (a) (i) 1.2950976x   and 5.1674957x    

1.30x   and 5.17x     A2 N2 

 

  (ii) A  

   
5.1674957

1.2950976
( ( ) ( ))df x g x x     (M1) for valid approach 

   
5.1674957

2 0.5

1.2950976
( 0.5 3 2 2 )dxx x e x      A2 

   5.366549025  

   5.37       A1 N3 

[6] 

 (b) ( ) ( )f x g x        (M1) for setting equation 

  
0.50.5(2 ) 3(1) 0 2 ( 0.5)xx e        A2 

  
0.53 xx e     

  
0.5 3 0xe x         (A1) for correct equation 

  3.2017227x   

  3.20x        A1 N4 

[5] 

 (c) 4

0
( )d 2( 1)

a

g x x e    

  4( ) (0) 2( 1)g a g e       R1 

  0.5 0.5(0) 42 2 2 2ae e e         (M1) for substitution 

  0.5 42 2 2 2ae e     

  0.5 42 2ae e   

  0.5 4a         A1 

  8a         A1 N3 

  [4] 
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2. (a) ( ) ( )f x g x       (M1) for setting equation 

  
20.1 0.24 0.174 sin

4
x x x

 
    

 
      

  
20.1 0.24 0.174 sin 0

4
x x x

 
    

 
 

  0.173017x   or 3.3467439x     (A2) for correct values 

  A  

  
3.3467439

0.173017
( ( ) ( ))dg x f x x      (M1) for valid approach 

  
3.3467439

2

0.173017
(sin (0.1 0.24 0.174))d

4
x x x x

 
    

 
  A1 

  1.909710794  

  1.91        A1 N4 

[6] 

 (b) ( ) ( )f x g x        (M1) for setting inequality 

  0.1(2 ) 0.24(1) 0 cos
4 4

x x
     

       
    

  A2 

  0.2 0.24 cos 0
4 4

x x
  

   
 

   (A1) for correct inequality 

  1.8035377x   

  1.80 4x         A1 N4 

[5] 

 (c) 
2 8

( )d
125a

f x x   

  
8

(2) ( )
125

f f a       R1 

  

2

2

(0.1(2) 0.24(2) 0.174)

8
(0.1 0.24 0.174)

125
a a

 

   
   (M1) for substitution 

  
2 8

0.08 0.1 0.24
125

a a     

  20.1 0.24 0.144 0a a       A1 

  1.2a        A1 N3 

  [4] 
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3. (a) ( ) ( )f x g x       (M1) for setting equation 

  
3 2 2

11 38 40 2
3

x x x x          

  
3 2 112

11 38 0
3

x x x     

  1.8871981x  , 3.7657564x   or 5.3470455x   (A3) for correct values 

  A  

  

3.7657564

1.8871981

5.3470455

3.7657564

( ( ) ( ))d

( ( ) ( ))d

f x g x x

g x f x x

 

 




    M1A1 

  

3.7657564
3 2

1.8871981

5.3470455
3 2

3.7657564

2
( 11 38 40) 2 d

3

2
2 ( 11 38 40) d

3

x x x x x

x x x x x

  
       

  

  
       

  





 A1 

  2.784974546 1.758993035   

  4.543967581  

  4.54        A1 N6 

[8] 

 (b) 
6 6

2 2
( ) ( )d 16 ( ) ( )df x h x x f x h x x       (M1) for setting equation 

  
6 6

2 2
( ) ( )d ( ) ( )d 16f x h x x f x h x x          

  
6

2
( ( ) ( ) ( ) ( ))d 16f x h x f x h x x       

  
6

2

d
( ( ) ( ))d 16

d
f x h x x

x
     (M1) for valid approach 

  
6

2
( )d 16k x x   

  (6) (2) 16k k       R1 

  (6) (6) (2) (2) 16f h f h      (M1) for valid approach 

  (8)( (6)) (0)( (2)) 16h h      (A1) for substitution 

  8 (6) 16h   

  (6) 2h        A1 N4 

  [6] 
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4. (a) ( ) ( )f x g x       (M1) for setting equation 

  
3 20.5 4 8.5 5 2 0.5x x x x            

  
3 20.5 4 8 3 0x x x      

  0.4858631x  , 2.4280067x   or 5.0861302x   (A3) for correct values 

  A  

  

2.4280067

0.4858631

5.0861302

2.4280067

( ( ) ( ))d

( ( ) ( ))d

g x f x x

f x g x x

 

 




    (M1) for valid approach 

  

2.4280067
3 2

0.4858631

5.0861302
3 2

2.4280067

((2 0.5 ) ( 0.5 4 8.5 5))d

(( 0.5 4 8.5 5) (2 0.5 ))d

x x x x x

x x x x x

      

      




 A2 

  2.215507111 5.119788446   

  7.335295557  

  7.34        A1 N6 

[8] 

 (b) 
4

1
( ( )) ( )d 10h f x f x x    

  
4

1

d
( ( ( )))d 10

d
h f x x

x
     M1A1 

  
4

1
( )d 10k x x   

  (4) (1) 10k k       R1 

  ( (4)) ( (1)) 10h f h f      (M1) for valid approach 

  (3) (0) 10h h       A1 

  (3) 7 10h         (A1) for correct equation 

  (3) 17h        A1 N4 

  [7] 

 

 

 


